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ABSTRACT

This research compares the Reliability-Based Design (RBD) method with the Eurocode 2 (EC2) for a singly
reinforced concrete beam. Advanced First Order Second Moment (AFOSM) was used and the equation for
the ultimate limit state design consideration for Moment of resistance and Applied moment was applied. The
parameters which were all functions of the Ultimate load, G were replaced respectively with variables and
their derivatives G(x) obtained with being the characteristic strengths of concrete and the yield stress of
steel respectively. Given the original vector space and the transformed reduced vector space, the Taylor
series was used to expand the reduced vector space and thus reliability index 3x expressed. The procedure
was then coded using JAVA to produce the Reliability Index and Probability of failure for respective steel
ratio. The required probability index of 3.9 corresponds to 0.048% of the steel ratio. Typical analysis of a
singly reinforced beam according to EC2 for b= 300mm, h= 500mm, d= 447mm, cover of 40 mm, gave a
steel ratio of 1.31 %. Comparing this to the reliability-based design of 0.048%, the code provision exceeded
the RBD output by 2000 times and 63 times the minimum reinforcement requirement by the code.

Keywords: Reliability Based Design (RBD), Advanced First Order Second Moment (AFOSM),First Order

Reliability Method (FORM), Eurocode 2 (EC2).

INTRODUCTION

Civil engineering structures such as bridges,
buildings, power plants, dams, and offshore
platforms are projected to contribute to the aids
and value of life. Therefore, such amenities
must be planned to be economically effective
and realize the necessities with respect to safety
[1]. In structural design, functional and
structural requirements must be satisfied
respectively. A structure must be able to
perform its intended purposes (functional) and
also must be able to withstand all the imposed
load applied on it (structural) i.e. safely
transmits all the load from the topmost down to
the foundation without appreciable settlement.

Such structures must also satisfy other
requirements like the ability to withstand
vibration, cracking, thermal resistance, and
exposure to attacks and must also maintain
adequate appearance throughout its life span.
The aforementioned are states which structures
reach before they are declared unfit for use. The
idea is to ensure that those limits are not reached
at all. Hence, Limit states design concept
focuses on the acceptable probability that a
structure will not be declared unfit for use
throughout its lifespan by satisfying certain

design criteria based on probability theory. i.e.
(Normal Probability Distribution)

Two limits states exist which are the ultimate
limit state (ULS) and Serviceability limit state
(SLS). ULS deals with shear and bending from
loading while SLS deals with appearance,
exposure condition, vibration, cracking, thermal
resistance, deflection and durability.

ULS uses factor of safety for loads and material
strengths due to several design and construction
uncertainties, errors, constraints, and variations
etc. According to John (2004), design failures of
structures could arise if the Ultimate Limit
States, Conditional Limit States and
Serviceability Limit State are not accurately
measured in the process of structural design.

The ultimate limit states relate to the maximum
load-carrying capacity which can be associated
with the development of an instrument in the
structure, extreme plasticity, breaking owing to
fatigue, and instability (buckling) [2]. The
provisional limit states relate to the load-
carrying capacity if a local part of the structure
has collapsed, and this can be instigated by
unintentional act or fire. While the serviceability
limit states relate to the ordinary use of the
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structure such as unwarranted deflection, local
damage, and extreme vibrations.

For countless years, loads used in the design of
structural components have constantly been
expected to be deterministic; this notion permits
the engineer to govern the strength of a member
by multiplying the load applied to the structure
with a satisfactory brim often stated as a factor
of safety.

This factor of safety is commonly measured to
be an actual degree of determining the
consistency of the structure and differs
depending on the code of practice being
adopted. Since variations are existing in
engineering design built on this deterministic
method, integration of uncertainties in
engineering design is usually essential. The
reliability-based design process offers a
hypothetical background for  considering
uncertainties in the engineering result structure
[3]. Owing to these uncertainties, John (2004)
observed that it is tough to measure the
complete safety of a structure using
deterministic investigation.

A recent study has revealed that poor
performance of structures is as a result of the
uncertainties in the loads' estimate, inadequate
evaluation of the strengths of materials,
exposure condition variability and poor
modeling of the systems, poor workmanship,
poor project supervision during construction and
also natural effects such as seismicity, etc.
These variabilities in recent times have led to
the continual failure of structures globally.

Reliability-based design has constituted the
foundation of safety assessment in current
engineering projects. There is a necessity to
balance safety, serviceability, and economy in
our immediate environment when designing
structures, safety being of dominant importance.

There are allowances for some insecure and
unwanted performances in a genuine state which
is reserved as total safety because it necessitates
a massive sum of properties and statistics which
may not be accessible. The Probabilistic method
to structural safety has been a rising debate and
focus matter in recent years, and the procedures
used in the investigation and design have been
developed. Various researchers have
investigated the concept of Reliability-Based
Design (RBD) in engineering particularly in the
field of civil engineering.

According to John (2004), reliability is
considered as the possibility that the structure

under reflection has an appropriate performance
during its entire lifespan.

Reliability is defined reliability as the
probability that a structure or system can
accomplish an obligatory purpose under a
definite service state through a specified period
and equally, the failure probability is the
probability that a structure does not perform
suitably within an agreed period [4].

Reliability is the likelihood that a structure can
be used without collapse for a specific period,
under definite functioning situations [5].

Reliability is the probability that a structure can
accomplish  under definite service state
throughout a period, they opined that reliability
can be accessed by the possibility of the
structure in the safe domain Ps and that the

corresponding  probability is the Failure
Probability Pf. They Resolved that
Pe+P=1 (1)

LITERATURE REVIEW

According to [6], reliability is the probability of
an element executing its intended purpose over a
specified period under functioning settings met.
Structural Reliability is defined as a measure of
the ability of the structure to function, or be
capable of accomplishing a required purpose
without collapse under a quantified condition
for a definite period on unit of action [7].

Basic Random Variables, Limit State Functions
and Reliability Index are the three elementary
expressions governing Reliability study.

Input uncertain variables that oversee the
efficacy of the structure are the Basic Random
Variables and are used to establish mathematical
prototype to produce the efficiency of the
structure [8].

According to [9], Limit State Function was
expressed as the state of a structure beyond
which it no longer satisfies the pertinent
standard of its performance. The Limit State
equation is generally characterized by the
expression:

GO =R =S oo e )

Where R is the resistance of the structure or
member, S is the load applied on the structure
and G(x) is known as the Limit State Function
or Performance Function. R and S are also
known as the Basic Random Variables
governing the failure Modes. According to
Huang et al. (2016), Reliability Index is the
value used to denote the safe working of the
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structure gotten from the solution of the Limit
State equation. Cornell Index which has a
demerit due to lack of invariance for equivalent
performance functions and Hasofer-Lind Index
which overpowers this demerit are the two
categories of Reliability Index. The Probability
of failure is also being assessed together with
the reliability index and this is the probability of
existence of structural failure.

Hence for a characteristic reliability problem,
the performance function is stated as:

Where Z = G(X) > 0 indicates that the structure
is in a safe condition and Z = G(X) < 0 implies
the state of failure.

X1, X2, X3...... , Xn are the basic arbitrary
variables.

The Reliability Index can be gotten from the
expression,

0
pr=PZ<0)= j f,(z)dz

0 1 -1 _
_ f_ expl - (ZG—“Z)Z]dz e (8)

J2m, z
H,
= o(-2) = 08
Where ¢(.) is the CDE standard normal
distribution, and B_ == is the Reliability Index.

YA

The reliability test was performed by [10] on
reinforced concrete slabs subjected to failure
modes in flexure, shear, and deflection with
thickness ranging from 100 mm to 250 mm
using First Order Reliability Method (FORM).
FORMS5 reliability software was used for
Continuous slabs of equal span as a case study.
For several failure modes, Limit State equations
were developed and the results showed that the
margins of safety suggested were similar to the
probability of failure stated as 1 x 10-6 for
singly reinforced concrete slabs according to BS
8110 and EC2 codes. The reliability levels were
however not regular showing that the design
assumptions were not safe and dependable as
suggested. Safety criterium was violated by a
reliability design index for 100 mm to 125 mm
thick slabs. The probability of failure for
bending was only 0.022 and it matched an
indirect safety level of 2.015. The conclusion
showed that review must be made on the code
formulations to conform to accepted structural
safety set out by the Joint Committee of
Structural Safety (JCSS).

The reliability-based design of reinforced
concrete two-way solid slab under Euro code2
was conducted by [11]. Formula Translation
(FORTRAN) based program for the reliability
design was produced considering suitable
variables and designed the reliability index. It
was observed that FORM design was more
efficient given the steel area required and the
final section depth with a reliability index of 3.0.

The structural reliability of a system under fire
was examined by [12] putting into consideration
the reservations that occur in the system. The
structural behavior which was exposed to the
realistic fire was assessed by mathematical
simulations using Latin Hypercube Simulations,
Subset simulations, and the First and Second-
Order Reliability Method. Categorizing and
describing the input constraints, probabilistic
analysis of the thermo-mechanical impacts on
the structure, and assessing reliability with
suitable limit state functions were the steps
adopted in the reliability analysis. Their research
pointed out the precision and efficacy as well as
the shortcomings.

[13] Examined the 3-D time-dependent
reliability analysis of reinforced concrete slab
bridges under representative traffic loadings.
The 3-D variables for the structural resistance
considered were cover, compressive strength,
and arbitrary variables including pit depths and
model faults. Forecasting the outstanding
lifespan of a rusting structure, and the spatial
variability related to the material, dimensional,
and environmental properties were the areas of
focus of study. A two-dimensional random field
was produced where the load and time
constraints resistance were evaluated for each
fraction of the field and the outcome gotten
from the reliability analysis showed that the 3-D
correlated resistance amounted to a minor
increase in the probability of failure.

Reliability-based design of a two-way solid slab
about design based on BS 8110 (1997) Part 1:
Structural Use of Concrete was performed by
[14]. FORM method was adopted for designing
the slabs to an expected margin of safety level
using a FORTRAN program formed and related
to FORMS5 reliability software. Both the
reliability and deterministic based designs each
made an acceptable performance with a typical
reliability indexes of 3.20 and 1.48 for Flexure
and serviceability respectively. 10% economic
design was found using the reliability-based
design while the deterministic design resulted in
an unacceptable outcome that exposed the
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shortfalls in the deterministic design as a result
of short-span (Continuous Edge).

The reliability of slender reinforced concrete
columns having uniform cross-sections was
studied by [15]. The main input constraints used
examined were loads, compressive strength, and
yield strength of steel, concrete cross-section
dimensions, reinforcement ratio, and the
position of steel settlement. The analysis was
performed with a risk analysis program and the
impact of eccentricity on the reliability index of
the slender column was observed. The results
extracted from the reliability analysis showed
that the performance of slender columns is
enhanced by good quality control and improves
the reliability index of the slender column.

Reliability analysis on an I-section beam profile
I 254 (10”) x 37.7 with a design strength of
MR250 was investigated by [16] using the
Monte Carlo method exposed to an applied
bending moment. The resolution was to evaluate
the constituent stress handling characteristics to
precise scheme stress according to the Brazilian
setting. An applied bending moment of
83.0kNm was used, expected reliability index
was gotten from records of Joint Committee of
Structural Safety (JCSS) which were shown in a
table in the research work and a value of 3.9 was
adopted as the expected reliability index below
modest failure modes and this was a constraint
for a design working life suggestion of 50years.
A probability of failure of 3.2 x 10-5 and a
reliability index of 3.98 was generated after
performing the analysis using the Monte Carlo
technique. Since the attained reliability index
was superior to the expected reliability index,
the practicality of the beam was established and
the constituent was measured to be huge and the
structure can be exposed to superior stresses
without conceding structural safety and harming
the global structure.

[17] studied the structural reliability of
reinforced concrete beam and columns under
concurrent static loads and steel reinforcement
corrosion and it was observed that corrosion in
concrete is the main problem adversely affecting
the structural lifespan of the structure. The
variables considered for the reliability analysis
were thickness, dimensions, the strength of
materials and reinforcement and the result was
obtained based on numerous corrosion models
produced after the analysis was performed on a
2D frame at each time to estimate the mass loss
of steel reinforcement as a result of corrosion
and the prompt load-bearing capacity of each

element was evaluated. It was established from
the outcome that the corrosion process impairs
negatively on the strength of structural elements
drastically.

Reliability analysis on reinforced concrete
beams using finite element models under four
points bending test was studied by [18]. The
first model adopted the SOLID65 component
for modeling concrete joining William-Warnke
and Von Mises criteria, while the second
component adopted the SOLID185 element and
micro plane philosophy. The steel reinforcement
was modeled by LINK180 fundamentals in both
scenarios. The models engaged in the reliability
analysis of RC beams subjected to various load
levels were standardized using investigational
outcomes. Based on supreme allowable
displacements, a limit state function was
assumed. The outcomes gotten from the
reliability analysis disclosed that only the micro-
plane model was suitable for RC structures since
the SOLIDG65 encountered a lot of difficulties
related to convergence.

[19] Investigated reliability analysis on the raft
foundation with uniformly random soils causing
the randomness in the input variables. The
variables examined were the elastic modulus of
the raft, modulus of subgrade reaction of the
soil, and loading on the raft. Point Estimate
Method (PEM), FOSM, and FORM were
adopted for the analysis to get the probability of
failure and reliability index-linked with the
settlement of the raft foundation. It was
observed that the reliability index for FORM
was lower and dependable than PEM and
FOSM. Parametric study indicating changes in
modulus of subgrade reactions was also carried
out and loadings affected the settlement
reliability limit state of the raft the most, while
the modulus of elasticity of the raft was
discovered to be indifferent to this limit state.
Reliability evaluation of reinforced concrete
beams with implanted PVC pipes below neutral
axis was conducted by [14]. The research was
carried out in three phases which were the
investigational method, deterministic method,
and the reliability analysis. The Reliability
approach was carried out using a FORTRAN
program link to FORMS reliability software.
Rectangular beams with a number of PVC pipes
(one, two, and three) were injected and beams
with one, two, and three PVC pipes in
accordance with ASTMC 293 standard. The
results showed that beams with PVC pipes
required more reinforcement to meet the
reliability i and one PVC pipe injected achieved
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acceptably. While the results gotten from the
reliability assessment shown an area of
reinforcement of 38.9 % for beams with no PVC
and one PVC pipes injected with a reliability
index ranging from 3.3 to 4.4 satisfying the
criteria of the code.

The reliability evaluation of the Ejigbho Campus
Library Building at Osun State University was
investigated by [20]. Findings revealed that the

university library was in a dreadful situation and
was inhabitable. Physical inspection was done at
the preliminary stage and it was discovered that
the stress distribution in the structural elements
was discovered to be 10 % below design
strength. Their reliability analysis showed that
the safe reliability was on the low side since
about 2.2 % of steel ratio was required and only
1.5% was provided.

Table showing the Tentative Targeted Reliability Indices and associated Failure Rates related to a one-

year inference period and Ultimate Limit State.

1 2 3 4

Relative  Cost of | Minor Consequences of | Moderate Consequences of | Large consequences of
Safety Measure Failure Failure Failure

Large (A) B=3.1(Pf=107) B=3.3(Pf~5x10") B=3.7(Pf=10"
Normal (B) B=3.7(Pf=10" B=42(Pf=107) B=4.4(Pf~5x107)
Small (C) B=4.2(Pf=10°) B=4.4(Pf~5x10°) B=4.7 (Pf=~10°)

Source: Joint Committee of Structural Safety (2000)

The guiding principle stated in the code should
be followed in order to make the right selections
in the Table 1.Shown above.

METHODOLOGY

The methodology used in this study is the
Advanced First Order Second Moment
(AFOSM) as detailed in [20]. The ultimate limit
state design consideration is given by:

G=Mp — M, (5)

Where Mpthe Ultimate Moment of resistance
and M, isthe applied moment. A safe design
stipulates Mg > Ma.

Hence using the Limit State Equation for
bending as stated in EC2 for a singly reinforced
rectangular concrete beam in eqgn. (1):

G(fckrfy,b,d,/z,y, MA)

= 0.4533f, b{Z 5 — 2874,
I SN (A7)

- MA} ©)
Wi ere, yA,bd 7
Letx; = b,xp =d,x3 = /2,x4 = My
Hence, eqn.(2) can be rewritten as

2.874

G (xy, Xp, X5, X4) = 045332, {Z.sz - yﬂkxlz} —x (®

At the boundary of the design surface where
G=0

2.258f% yxix,x;
 xyx3yfo — 1.303

9
The partial derivatives of G(x) with respect to x

G
— = 1.13fx,

7 (10)
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aG

a—xz = 1.13fckx1 (11)
O_G _ 1.3fckX4 (12)
0X3 nyx??

G 1.3

7 =1+ 35r) (13)

If the original vector space is given as {x} = {xi,
X2, X3, Xs,} then the transformed reduced vector
space

{x} = {x1, %2, x3, x4 }is given by:

Xi — U

x;, = i=1to4 (14)

The initial values for the original vector space
are given by their densities and the last variable
is calculated.

X1 = Hx1y X2 = Hx2y X3 = Hy3
2.258f2 yxtx,x3
X1%3Y fere — 1.303

(15)

Using Taylor series to expand the reduced
vector space, then the reliability index R can be
expressed as follows:

B = [AI'Dxa ] /N([A]"TA(16)
Where: _
(Ce/ox,') = (De/oxy) 04
[4] = |(0g/éx') = (Cg/exy) o
(Ggles) = (0g/éxs) oy
(Ce/ox,)= (Cg/oxy) o,

The directional cosine which is the

transformation vector {¢/} is given as
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te) = [A] /N([A]'TA) (17)
Now the reduced vector space {x; } is given as
{xi } = Bl ] (18)

Then we can calculate the original vector space
from the reduced vector space using the
relationship

{xi} =l + Xi owhere i = 1 to 4 (19)
The error to converge the iteration is given by

The above procedure is coded in Java and the
results are discussed in the following section.

RESULTS AND DISCUSSION

The results of the program developed for the
reliability index and probability of failure are
shown in figures 1 and 2 respectively. It is clear
from figure 1 that the required probability index
of 3.9 corresponds to 0.048% of the steel ratio.
This is far from the minimum reinforcement of

Error = | (Bis1 = f; ‘ 0.13% of the code requirement.
pi
Reliability Index against Steel Ratio

16

14
5 12 i
Rt e
z 8 /
£ 6 ~
= -~ = Series]
e 4 /

0 / T T T T 1
0.00% 0.02% 0.04% 0.06% 0.08% 0.10% 0.12%
Steel Ratio (%)
Figurel. Variation of Reliability Index with Steel ratio.
Probability of Failure against Steel ratio
0.500000000

£ 0.400000000 \

£ 0.300000000 \

2. 0200000000 \

E  0.100000000 \ Series]

=

£ 0.000000000 : ‘ . . : .

-0.100000008:00%___ 0.02%  0.04% _ 0.06% _ 0.08% _ 0.10% _ 012%
Steel Ratio (%)

Figure2. Corresponding Probability of failure with increasing steel ratio

For a typical analysis of a singly reinforced
beam according to EC2, the steel ratio % can be
calculated thus given the following parameters:
Cover to reinforcement = 40 mm
Effective depth, d, is
d =h — cover — @/2 = 500 — 40 — 25/2 = 447
mm

M M

Ko = = 2
07 febd? ~ 25% 300 * 4472 (20)
1
i
z=d[(0.5+0.25 - 2)] 1)
M
= 447[0.5 + (o.zs — 3% 5% 25%300
2
* 4472) ] (22)

A, = 1960mm? (23)

©0.87fz
This is about 1.31 % of the steel ratio.
Comparing this to the reliability-based design of
0.048 %, the code provision is more than 2000
times the RBD output. Even if we take the
minimum to reinforce recommended by the
code there is about 63 times the calculated
output using EC2 provisions.

CONCLUSION

The Reliability Index increases as the Steel ratio
also increases from figure 1 showing the
variation of Reliability Index with the steel
ratio. The required probability index of 3.9
corresponds to 0.048 % of the steel ratio from
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figure 1. This exceeds the minimum
reinforcement of 0.13 % of the code
requirement. The results obtained from the
comparison between the Reliability-Based
Design and the Local Design i.e. Euro Code 2
(EC2) clearly show that the Reliability-Based
Design is by far more economical than the Local
Design using EC2. Therefore, the method of
Reliability-Based Design is highly cost-effective
compared to the Orthodox design method used
since time immemorial.
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