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This paper investigates the global asymptotic stability for the cellular neural networks with time-varying
delays. By using the Lyapunov functional method and Razumikhin approach, some sufficient conditions are
obtained without demanding the differentiability of the activation function. Moreover, two examples are
demonstrated to illustrate the effectiveness of the proposed criterion.

Keywords: Cellular neural system, Global asymptotic stability, Lyapunov functional, time-varying delay.

INTRODUCTION

The cellular neural networks have important
applications in various areas such as
classification, associative memory, parallel
computing, especially in solving some
optimization problems [1]. In these applications,
it is very important to study the stability of
neural networks.

In addition, time-delays are unavoidably
encountered in the implementation of neural
networks, and may cause undesirable dynamic
network behaviors such as oscillation and
instability. As a consequence, many researchers
have focused their attention on the study of
stability of the neural networks with delays. In
Recent years, some sufficient conditions were
presented to ensure the global asymptotic
stability (GAS) of the delayed neural networks
[2-13]. But in [4-8], the activation functions are
assumed to be differentiable. However, in
practice the activation functions are not always
to be differentiable. In addition, the authors in
[2] have studied the following cellular neural
networks with the constant delays and the GAS
conditions are obtained by employing non
smooth analysis. But in practice, time delay is
usual time-varying, which can even largely
change the dynamics of system in some cases.
Therefore, their methods have a conservatism

which can be improved upon

% () =% (1) + Da f, (1) + b, f, (=) +1,,
j=1 j=1

i=12,..,n, (1)

n this paper, by using a new method based on
the non smooth analysis, we obtain an improved
sufficient condition for the GAS of the
equilibrium point without demanding the
boundedness and differentiability of activation
functions. Two examples are provided to show
the effectiveness and the benefits of the
proposed method.

Throughout this paper, we use
Anin () and A__ (-) to denote the minimum and
maximum eigenvalue of a real symmetric

matrix, respectively. The superscript T
represents the transpose. R" is the n-
dimensional Euclidean space. Let

yZ(A):%lmax(A+AT), ie, u,(A)is the

largest eigenvalue of the symmetric part of A.
It is well known that s,(A)<|A[,. For

X= (X, Xy,
X = (. -+, |%,D" and

x) eR", we denote
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sgn(x) = diag(sgn(x,),sgn(x,),- -,

PROBLEM STATEMENT

sgn(x,))" , where sgn(x) =

-1, if x, <0
0,if x, <0 .
1if x, <0

Consider the following delay cellular neural networks (DCNN):

X(t Z A] K ykl

ok, )eN, (i,j)

clklJeN; (i)

where N, (i) denotes [ field of C(i'j);

XiYir Ui are the state, output, and input of the
C(i, J'), Alw(m=01) and Biiu

represent the influence strength of cell Clk.1)

respectively.

) i . I
output and input on ceIIC(I i) respectively. Y
Represents a current bias of cell c(i. j) .There are

delays T() between the cells, where T(t)

is a time varying delay and‘f(q <r0<r<l

Assume that 214 =9 et P=MxN then )

can be written

% (t)= t)+2a”y (t)+2buy t—z(t))+
i=12,--,p. @)

or in vector-matrix form
X=—Xx+Ay(t)+By(t—7(t))+1. “)

Usually, the relation between the cell output and
the cell state satisfies the piecewise linear
function (PWL):

yi =i (Xi){%j(lxi +1 =[x ~1)). ()

In order to establish the stability conditions for
system (3), we first give some usual
assumptions and lemmas.

(Ml) The activation function Yi = fi(xi) is
global Lipschitz continuous in R, i.e. there

exists a constant Mi > 9 for any %% €Rgch

that
|fi (Xl)_ f, (Xz)|S M, |X1—X2|,i =12,..,n

(M,) y,=f(x) is monotonically non
decreasing and bounded inR .

ZA]klykl t- T

Z Bu kIUkI

clkJeN, (i,) |—1.2,---,n )

W LetA=(a;) be annNxn matrix

with non-positive off-diagonal elements. Then
each of the following conditions is equivalent to
the statement ‘A is a non-singular M-matrix’.

F1: All principal minors of A are positive.
F2: All elements of A™are non-negative.

F3: All diagonal elements of Aare positive and

there exists a positive diagonal matrix
P =diag{p,, p,...., p,} such that AP is strictly
diagonally row-dominant; that is

Z pifay| i =1.2..

j=1, j=#i

F4: All diagonal elements of A are positive and
there exists a positive diagonal matrix

P =diag{p,, p,,.... p,}, such that AP is
strictly diagonally column-dominant; that is

a;p; > Y playl i=12,.

j=Li#]

b; <0,i= 1)2 Aare

1 IfAandB= (bij
M-matrix, then B is also M-matrix M- matrix.
Next, let X =(xfx2x:) be an equilibrium
point of (3) and
7=x-X,0,(z)= fi(zi +xi*)— fi(xi*),i =12,..,p
. From (3) and replaying x(t) in (3) by
z(t)+x , it is not difficult to obtain

3,(t)=-1 (t)+Zaijgj (Zi)+zbijgi (Zj (t_T(t))(l‘f(t)))'
i=12---,p. (6)

RESULTS AND DISCUSSION

In this section, we present the new result for the
GAS of the equilibrium point of (6).
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Suppose that

P
LJ<P|: J( 1| |1_T)+aij <;:< |a'l|]:|<l

is satisfied. Then, the unique equilibrium point
x" of system (6) is global asymptotic stability.
V(z)

s
${us

‘(6) ji ;

ji

)

Mv 1M sz

N

zbg (3 (t-r(v)@-r)san(z))
ggMiquj |-

giz:MijZilj[bu | =]

—22[

If

1<j<P

then . .
V(z, )‘(6) <0

stability theorems [14], we can conclude that the
unique equilibrium point = of system (6) is

S e Z‘a‘ﬂ

I<iz j<P

Thus, by the Lyapunov

GAS. This completes the proof.

If M; =1, j=12,..,P, and

w4 (A)+||B], <1, where

I<i= j<P

. (A) LJ<P{a + > |au|}

is the measure of the matrix A and ||B||1 is the 1-

norm of the matrix B, then the DCNN (7) is
global asymptotic stability.

a3 eana)ao, (2) 5o, (1t
z,(t-7(t)(2-2(1))
(M JZP;‘b‘ 1]z+2{sgn( )aﬂgj(zj)Jr > sgn(z])a“g](z])J

(e 54+ 3
(t-z(t)-Iz, ]+Zpl[a"‘ e

Mj[biw[aﬁk;@eyjj —1]zj—|v|jfbﬁzi(t 7( 1

Let
z(t)= 0 Obviously, v(z) is positive definite
and radially unbounded.

By calculating the time derivative of V(zt)

along the trajectories of the system (6), we
obtain

7(1))(1-#(t)))san(2))

1<izj<P

b;g .(Zi (t —r(t))(l—i’(t))sgn(zi ))_g(Miébji]Zi (t _T(t))(l_f(t))‘
M.ZP:bJ,—1jzi+szl‘[sgn(zj)ajjgj (zj)+l£§2psgn(zj)aijgj (zj)J

b;

z(t-7(t))(1- r)\

)sz,

e

)

=1

I

In (6), assume b, =0,M;=1(i,j=12,--,P)
that the DCNN is reduced to CNN. Then, the
condition of theorem 1 is 2 (A)<1 which is
much weaker than that of s, (A)<1 in the
literature ™,

The condition of theorem 1 is

||A"+"B"<1.In fact, VA€ R™"  the condition in

[13]
the literature [13] is # (A)S"A" that results

u(P)+[Bl <A+ Bl g0 from IAI+IBI<L

A)+|B||<1

we can get H ( . Then, the conditions

. . [13] .. .
in the literature ~ are stronger than condition in
this paper.
Next, in (6), denote r(t):0, then (6) can be
written
P

1(t)=-z(t) Z:' ( )+Z; ]gl( ), i=12,P.

j= j=
(7)
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Assumed thatgi(zi) is piecewise linear
=|r. 3
U PxPwhere i is defined

7)) -1 i=j;

la; +by), i j.

function. Let

_ (aij +by (1~

ij

If the measure of matrixR is

]
,uz(R)z/Imax[R_;R j<o, then CNN (7) is

globally asymptotically stable. Furthermore,
there must be a positive number A > 0such that
the delay cellular neural network (DCNN) (6) is
also asymptotically stable.

Firstly, let

P

>z ®

i=1

where V (t) is positive definite and radially
unbounded

V(0] = S ala b (1)

i=1 i,j=1

<_izf+2[ a +by)

ST

j#i

P

)| [CRYREI S R

i=1 j#i
T
" R|z|gm(R+R joz.
2
In the above, |z|=(|zl|,|22|,...,
. R+R'
nfuz(R)#max( i

2
\/(z)‘(s) <0. Then, the cellular neural network

|z, |)T . Therefore,

j<0, we can Qet

(7) is globally asymptotically stable.

Secondly, the delayed cellular neural network
(DCNN) (6) can be written as

z-—z+2( +hyJo; (2 )éb[ |z (t-r()(e- (t)))—gj(zj)}

Liff|x|<1;
ni(Xi = .
dx; 0,iff |x|>1.

delayed cellular neural network (DCNN) (6),
we use the above V(t) as the Lyapunov
function. Whenge[t—a),t], by using the

integral mean value theorem and the
Razumikhin condition, we drive

.Defined %: For the

W]
tt

SIS

||1

(-8 0]
1 It ”1(21)21(51)‘151
(£)+Xa,0(6) b (c-()]

v
: H |le‘ Hb“‘ i=1

SZYmﬂ(oi,leia{a(a)@(aﬁgi<é>+bﬂgi<f-f“>>ﬂ
<5 o | Sl e

Since the cellular neural network (CNN) (7) is

dv
§E +Z\z‘ ‘

7 ij=1

asymptotically stable, there is%—\t/ <0.

Assumed that d—V
dt

@)

Obviously, the second terms is positive. Then,
by denoting

et 3ol 3, 3

we can get

v <W(z,2,,,2,)+ M (2,25, 2,) .
SinceW (z,,2,,--+,2,) is positive which implies
-W(z,2,,-+,2,) negative definite.
Then, there is m >0such that-W <-mV .

Similarly, thereis m, >0 such that U <-m,V .

Hence, O(Ij—\t/ <(wm,—m,)V . As long as there

(6)

is a)sﬂzA, it can be concludedd—v <0.

m, dt g
Thus, by the Lyapunov stability theorems [13],
the delayed cellular neural network (DCNN) (6)
is globally asymptotically stable. This
completes the proof.

ILLUSTRATIVE EXAMPLE

Now, we give two examples to present the
merits of our result.

Consider the following delayed
cellular neural network

~05 1 05 05
A= . B= .9
{ 0 —2} {0.5 0.5}
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where the non diagonal elements of matrix A
are positive or zero and all the elements of
matrix B are positive or zero. By calculating,
we can get

Tax{(Z]b ofeas ¥ |a”|j}:o.5(1_f)

<i#j<P
.Then, according to theorem 1, the system (9) is
globally asymptotically stable. Fig.1 depicts the
time responses of state variables x(t). It

confirms that the proposed condition leads to the
global asymptotic stability for the model.

Denote matrix —(A+B) is
~(A+ B):{ 0 _1'5}.
-05 15

Obviously, it is not row-dominant and the
conditions in document [8] are not satisfied.

Figurel. Stability regions in Example 1 with
=01 z(t)=e™.

Consider the following system,

-1 0.08 05 05
where A= , B= .
0.9 -0.09 05 05

(10)
By calculating, we can get
m_ax{ﬁbﬁ -r)a,+ S |J} _09(-1)
Ei=P |\ 5 1<i7)<P

. Then, according to theorem 1, the system (10)
is globally asymptotically stable. Since matrix

T 2 -098| | -
—(A+A)= 09 018 is not positive

definite, the conditions in document [8] are not
satisfied. Fig.2 depicts the time responses of

state variables x(t). It confirms that the
proposed condition leads to the global
asymptotic  stability  for  the  model.

-6

Figure2. Stability regions in Example 2 with
r=0.02, z(t)=e"

CONCLUSION

This paper has discussed the global asymptotic
stability for the Cellular neural networks with
time-varying delays. By constructing suitable
Lyapunov functional, some sufficient conditions
are obtained without demanding the
differentiability of the activation functions. Two
simulation examples are shown the effectiveness
of the proposed method.

ACKNOWLEDGMENTS

This work was supported by the Natural Science

Foundation of Shandong Province
(N0.ZR2016FQ16), Research Fund for the
Doctors of  Binzhou  University  (No.
BZXYL1203).
REFERENCES

[11 Berman and R. J. Plemmons, Nonnegative
Matrices in the Mathematical Sciences, New
York: Academic, (1979).

[21 F. Qiu, Q. X. Zhang and X.H. Deng, “Further
improvement of the Lyapunov functional and
the delay-dependent stability criterion for a
neural network with a constant delay”, Chin.
Phys. B, vol. 21, no. 4, (2012), pp.040701.

[31 W.Wang and J.D.Cao, “LMI-based criteria for
globally robust stability of delayed Cohen-
Grossberg neural networks”, IEE Proc. Control
Theory Appl., vol.153, no.4, (2006), pp.397-
402.

[41 T.P.Chen and L.B. Rong, “Delay-independent
stability analysis of Cohen-Grossberg neural
networks”, Phys. Lett. A, vol. 317, no.4,
(2003), pp.436-449.

[51 H.T. Lu, “Global exponential stability analysis
of Cohen-Grossberg neural network”, IEEE
Trans. Circ. Syst. Il: Express Briefs, vol. 52,
no.8, (2005), pp.476-479.

[ W. Wu, B.T. Cui and M. Huang, “Global
asymptotic stability of Cohen-Grossberg neural
networks with constant and variable delays”,

International Journal of Research Studies in Science, Engineering and TechnologyV4 e 17 e 2017 17



Sufficient Conditions for Global Asymptotic Stability of delayed Cellular Neural Networks

[71

(8]

[9]

[10]

medium, provided the original author and source are credited.

18

Chaos, Solitons and Fractals, vol. 33, no. 49,
(2007), pp. 1355-1361.

W. Wu, B.T. Cui and X.Y. Lou, “ Some criteria
for asymptotic stability of Cohen-Grossherg
neural networks with time-varying delays”,
Neurocomputing, vol. 70, no.4, (2007), pp.
1085-1088.

L. Wang and X. F. Zou, “Exponential stability
of Cohen-Grossberg neural networks”, Neural
Networks, vol. 15, no. 4, (2002), pp.415-422.

F. Qiu and B. T. Cui, “New Sufficient
Conditions for Global Asymptotic Stability of
Delayed Cohen-Grosshberg Neural Networks”,
Proceedings of the 27th CCC, (2008) July 16-
18;Kunming, China.

W. Wu and B.T. Cui, “ Improved Sufficient
Conditions for Global Asymptotic Stability of
Delayed Neural Networks”, IEEE Trans. Circ.
Syst., vol. 54, no. 7, (2007), pp. 626-630.

[11]

[12]

[13]

[14]

K.Yuan and J. D. Cao, “An analysis of global
asymptotic  stability of delayed Cohen-
Grossberg neural networks via nonsmooth
analysis”, IEEE Trans. Circuits Syst., vol. 52,
no. 9, (2005), pp. 1854-1861.

M. Jiang, H. L. He and L.Yan, “Stability of
Delayed Cellular Neural Networks Based on
M-matrix ~ Theory”’,  Computer,  Digital
Engineering, vol. 3, no.3, (2015), pp. 349-352.

J. D. Cao and J. Wang, “Global asymptotic
stability of a general class of recurrent neural
networks with time varying delays”, IEEE
Trans on Circuits and Systems - I: Fundamental
Theory and Applications, vol. 1, no.50, (2003),
pp. 34-44.

J. K. Hale and S. M. Verduyn Lunel,
Introduction  to  Functional  Differential
Equations (Applied Mathematical Sciences),
NewYork: Springer-Verlag (1993).

Q. Fang, "Sufficient Conditions for Global Asymptotic Stability of delayed Cellular Neural
Networks", International Journal of Research Studies in Science, Engineering and Technology, vol. 4, no.
7, pp. 13-18, 2017.

© 2017 Q. Fang. This is an open-access article distributed under the terms of the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any

International Journal of Research Studies in Science, Engineering and TechnologyV4 e 17 e 2017



