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Abstract: Knowledge of thermal properties of those structures that incorporate large cavities or materials
with different thermal properties is essential to the quantification of the amount of heat transfer through these
structures. For example, it is important to be able to quantify 𝜅𝑒𝑓𝑓 (effective thermal conductivity) on the porous
and composite structures. In this work, a substrate material incorporating many large cavities, or incorporating
many materials with different 𝜅 values, was focused on. Here, the cavity sections (or materials with different 𝜅
values) and substrate sections had average widths of about 2.493𝑚𝑚 and 2.431𝑚𝑚, respectively. A
mathematical expression was derived for 𝜅𝑒𝑓𝑓 in 1𝐷 taking into account the total numbers and widths of each
cavity and substrate section. In the presented hybrid mathematical expression of 𝜅𝑒𝑓𝑓 , 𝜅𝑒𝑓𝑓 expressions given
earlier of the series and parallel arrangements were put together. Available expressions for the series
arrangement, parallel arrangement, and Maxwell-Eucken 1 (ME1) formulation were compared with the
acquired hybrid 𝜅𝑒𝑓𝑓 value. 𝜀 (porosity) values of 𝜀 = 14.67%, 𝜀 = 34.91%, 𝜀 = 48.57%, and 𝜀 = 65.91%
were selected for comparison purposes. The total numbers and size distributions of the cavity and substrate
sections must be known in priori.
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1. INTRODUCTION
There has been numerous work in the literature related to the structures incorporating small and
micro-size cavities. For example, both thermal conductivities and thermal diffusivities of the samples
coated at different substrate rotation speeds were shown to decrease with an increase of temperature
from the room temperature to 1,000℃ [1]. Porous Si (PS) layer thermal conductivity was presented
with the thickness of the PS layer [2]. In the other work, thermal conductivity and temperature
profiles were studied on the micro porous layers [3].
In the available literature, 𝜅𝑒𝑓𝑓 derivations were included. 𝜅𝑒𝑓𝑓 (W ∙ m−1 ∙ K −1 ) indicated the overall
thermal conductivity of a material after taking into account the different thermal conductivities of
different material parts. These available expressions in the literature included only series and parallel
arrangements and a hybrid expression (a mixture of the series and parallel arrangements) has not been
cited.
In the present paper, a hybrid 𝜅𝑒𝑓𝑓 expression (combination of the series and parallel arrangements
𝜅𝑒𝑓𝑓 ) was derived after taking into account the size, distribution, and total number information of the
cavity and substrate sections.

2. ANALYSIS
In order to begin with the present analysis, total numbers of the cavity and substrate sections were
selected. Thus, total numbers of 7 cavities and 8 substrates were taken. The numbers corresponded to
a total structural length (𝐿) of 36.9𝑚𝑚. A structure with 𝐿 = 50𝑚𝑚 could also be investigated. Size
of each cavity and substrate section and total numbers of the cavity and substrate sections were
quantified in random manner. It was aimed to establish irregular (unidentical) widths for the cavity
and substrate sections.
In thermal problems involving 𝜅𝑒𝑓𝑓 , validity of the “Classical Mechanics” method is set by the
Knudsen number (𝐾𝑛). 𝐾𝑛 was calculated to verify the applicability of the current approach. Both
time and length scales can be considered in using 𝐾𝑛 on structures. Specifically, the radiative thin
(𝐾𝑛 ≫ 1) and radiative thick (𝐾𝑛 ≪ 1) limits are defined. In the present work, 𝜅𝑐 (cavity section
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thermal conductivity) and 𝜅𝑠 (substrate section thermal conductivity) values were calculated
separately. After this, each material slice (strip) was expressed according to the series arrangement
and the series arrangement results were put together according to the parallel arrangement to give the
hybrid 𝜅𝑒𝑓𝑓 value of the entire structure.

(a)

(b)
Figure 1. Cavity and substrate sections shown with arbitrary size and sequence. a) Isometric view. b) Frontal
view.

(b)
(a)

Figure 2. Sample size distribution (𝐿 = 36.9𝑚𝑚): a) Total cavity section size (𝐿𝑐 = 17.45𝑚𝑚). b) Total
substrate section size (𝐿𝑠 = 19.45𝑚𝑚).

This study focused on the Silica-type non-crystalline material with the prespecified total numbers of
the cavity and substrate sections inside. The structure considered in this study may also be a
composite one in which case the cavity sections may be replaced with materials of different 𝜅 (𝜅𝑐 )
values embedded inside the substrate material. The cavities were taken as empty cubic spaces. In
practice, volumetric space of a cavity holds a random shape. Also, volumetric space of each cavity
section can be thought of as a perfect sphere distributed randomly throughout the substrate (Figure 1).
Figure 2 shows the size distributions about the studied cavity and substrate sections. Thermal
conductivity of the thermal insulators was given [6]
1

𝜅𝑠 = 3 𝜌𝑐𝑣 𝑣𝑎 Λ𝑝

(1)

where 𝜌𝑐𝑣 is the lattice volumetric specific heat (𝐽 ∙ 𝑚−3 ∙ 𝐾 −1 ), 𝑣𝑎 is the average speed of the
phonons (𝑚/𝑠), and Λ𝑝 is the phonon mean free path, Λ𝑝 = 𝑣𝑎 𝜏 (𝑚). Thin-film Silica properties
including 𝜅𝑠 and Λ𝑠 were extensively evaluated in [4]. For a solid rod with a thickness much smaller
than the thermal radiation wavelength, the speed of sound (𝑣𝑎 ) was given by the expression 𝑣𝑎 =
𝐸/𝜌. Here, 𝐸 is the Young’s modulus of the material (𝐸 = 3𝐺𝑃𝑎 for vitreous glass) and 𝜌 is the
density (𝜌 = 1,000 𝑘𝑔 ∙ 𝑚−3 for vitreous glass). Some polymers were reported to show noncrystalline glass behavior in the literature [5]. Also, most glasses are accepted to possess amorphous
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non-crystalline structures. It was stated in [6] that 𝜅 values of the crystalline materials are usually
higher than that of the non-crystalline materials owing to their lattice vibrations. Brick Silica fused
thermal properties were used on the substrate material.
Thermal conductivity of the cavities filled up with air was given in [4]
𝜅𝑐 =

𝜅 𝑐,𝑓𝑟𝑒𝑒

(2)

Λ
1+2∙𝛽 𝑐
𝑡𝑝

where 𝜅𝑐,𝑓𝑟𝑒𝑒 is the thermal conductivity of the cavity filled up with free air (𝑊 ∙ 𝑚−1 ∙ 𝐾 −1 ), Λ𝑐 is
the mean free path of the gas molecules at atmospheric pressure Λ𝑐 =
characteristic size of the cavity filled up with air (𝑚), 𝛽 is a constant 𝛽 =

5𝜋
32

∙

𝑘𝐵 𝑇
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(for air), and 𝛼 = 1 (for air). There are certain pressure and temperature dependencies of 𝜅𝑐,𝑓𝑟𝑒𝑒 as
well as of 𝜅𝑠 as stated in [4]. That is, 𝜅𝑐 and 𝜅𝑠 change somewhat as a function of pressure and
temperature. This change is attributed to the fact that Λ𝑐 (andΛ𝑠 ) vary with temperature [4]. In [4],
𝜅𝑒𝑓𝑓 of the entire Silica structure was shown to have a substantially lower value than 𝜅𝑐,𝑓𝑟𝑒𝑒 with
pressure of the confined gas inside the cavity.
As 𝐾𝑛 increased, this was shown to decrease the value of 𝜅𝑒𝑓𝑓 on thin films, thin wires, or rods [6].
Also, for a Silicon substrate, impurities present inside the substrate were noted to decrease the value
of 𝜅𝑠 [6]. This fact makes such nano and micro porous structures invaluable materials in providing
effective insulation. Arrangements of the cavity and substrate sections are shown in Figure 3. An
insulation material (for example, a building insulation material) is usually subjected to different
temperatures at both of its surfaces. Constant and uniform temperatures, 𝑇1 = 𝑐𝑠𝑡 and 𝑇2 = 𝑐𝑠𝑡, were
assumed at both surfaces of the insulation material, as was illustrated in Figure 3.
For a porous material, 𝜀 is not precise and is usually an estimate. In the present study, the cavity size
distribution, total number, and sequence (order) are required; the information related to the size
distribution, total number, and order of the substrate sections must also be available in priori. When a
material structure is in the hybrid arrangement of Figure 3(c), a mathematical expression of 𝜅𝑒𝑓𝑓 is
sought. 𝜅𝑒𝑓𝑓 of a composite structure or of a structure with irregular large pores was represented.
𝜅𝑒𝑓𝑓 can readily be given from the literature for the series arrangement of the substrate and cavity
sections (Figure 3(a)) as

Figure 3. Cavity and substrate sections: a) Series arrangement. b) Parallel arrangement. c) Hybrid
arrangement (combination of the series and parallel arrangements). Hybrid arrangement was shown for
demonstration and consisted of four cavity and five substrate sections. Dark shades are the substrate sections
and white regions are the cavities or materials of different 𝜅 values.

𝜅𝑒𝑓𝑓 =

1
𝜀 1−𝜀
+
𝜅𝑐 𝜅𝑠

(3)

and as
𝜅𝑒𝑓𝑓 = 𝜀𝜅𝑐 + (1 − 𝜀)𝜅𝑠
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for the parallel arrangement of the substrate and cavity sections shown in Figure 3(b). In Eqs. (3) and
(4), 𝜀 is the ratio of the cavity volume to the total structural volume, or 𝜀 = 𝑉𝑐 /(𝑉𝑐 + 𝑉𝑠 ). Although
these expressions call for somewhat macro porosities, they have been implemented on the micro
structures with some extent giving an idea about the magnitude of 𝜅𝑒𝑓𝑓 . In [7], 𝜅𝑒𝑓𝑓 formulations of
the series arrangement (Eq. (3)) and parallel arrangement (Eq. (4)) were swapped. There are further
simplifications to 𝜅𝑒𝑓𝑓 in the literature. For example, if the ratio of the thermal conductivities of the
substrate and cavity sections is about one order of magnitude or higher, then 𝜅𝑒𝑓𝑓 was included [7], or
other exponential expressions were defined [7]. In some instances, the theoretical expressions of [7]
were just qualitative assessments of the experimental results giving optimistically at least about 1.469
times higher results.
Inclusion of the Silica particles of 10𝑛𝑚-size inside a Silica grain network porous structure was
reported [7] to decrease the 𝜅 value significantly (𝜅 = 0.030 𝑊 ∙ 𝑚−1 ∙ 𝐾 −1 ) at atmospheric pressure.
Thus, such porous structures were shown to have better insulation capabilities. Heat transfer and flow
characteristics were analyzed on the micrometer-size channels incorporating 𝜀 ([8] and [9]). Ultrahigh
convective heat transfer enhancement was reported on the surfaces of the nano porous layers [10].
Textbooks have included extensive outline of composite structures including approach methodology
[11-13]. For example, Torquato[13] discussed using micro modeling within an RVE (representative
volume element). In [12], a brief mention of overall thermal measures for microscopically
heterogeneous media is given.
A comparison between the present mathematical derivation (hybrid arrangement of the series and
parallel arrangements of Figure 3(c)) was made with the results of the Maxwell-Eucken 1 (ME1)
formulation [7]. The Maxwell-Eucken 1 (ME1) formulation was thus far the best formulation to make
these comparisons against. Based on this formulation, when continuous phase is the substrate and
dispersed phase is the cavity, 𝜅𝑒𝑓𝑓 was represented with
𝜅𝑒𝑓𝑓 = 𝜅𝑠

2𝜅 𝑠 +𝜅 𝑐 −2(𝜅 𝑠 −𝜅 𝑐 )𝜀
2𝜅 𝑠 +𝜅 𝑐 +(𝜅 𝑠 −𝜅 𝑐 )𝜀

(5)

In [7], it was also shown that (𝜅𝑒𝑓𝑓 /𝜅𝑠 ) of a random porous structure will be somewhere in between
the series and parallel arrangement (𝜅𝑒𝑓𝑓 /𝜅𝑠 ) values: Parallel arrangement setting the upper limit and
the series arrangement setting the lower limit. The formulation in Eq. (5) was noted to be valid for
small porosity values (𝜀 ≲ 0.25). The substrate-cavity arrangement as a 1𝐷 problem of the MaxwellEucken 1 (ME1) formulation is a quite close approximation of the present substrate-cavity system of
Figure 3(c). The Maxwell-Eucken 1 (ME1) formulation result was compared with the presently
calculated hybrid 𝜅𝑒𝑓𝑓 value. In the Maxwell-Eucken 1 (ME1) formulation, total numbers and size
distributions of the cavity and substrate sections are not known, thus, not substituted. A comparison
made with the Maxwell-Eucken 1 (ME1) formulation is only likely when 𝜀 is known or measured. A
better comparison of the present model results may be established with the experiments. Methods for
acquiring 𝜅𝑒𝑓𝑓 of porous materials were described in [7], however, for structures incorporating large
cavities, or for structures incorporating composites, a hybrid 𝜅𝑒𝑓𝑓 is needed.
Most appropriate methods in acquiring 𝜅𝑐 of air ([6] and [4]) and 𝜅𝑠 Silica-type materials [6] are
described.
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Figure 4. Cavity and substrate sections from the high temperature end toward the low temperature end: a) In
ascending order, b) In descending order. A total of 7 and 8 cavity and substrate sections were demonstrated,
respectively. Each cavity was approximated as a cubic space filled up with air. These cavities may also
represent materials with different 𝜅 values. (𝐿 = 36.9𝑚𝑚).

In the analysis, slices of independent cavity and substrate sections were taken and the hybrid 𝜅𝑒𝑓𝑓
expression was written. Although the present hybrid 𝜅𝑒𝑓𝑓 expression was derived based on heat
transfer in 1𝐷, the heat transfer is, in fact, a 2𝐷 process on the planar geometry and a 3𝐷 process on
the volumetric geometry incorporating also the heat transfer between other neighboring slices. Thus,
the amount of heat transfer in 2𝐷 or 3𝐷 is less than the amount of heat transfer in 1𝐷. This is because
of the fact that that is heat transferred in the extra dimensions. The heat transfer process or 𝜅𝑒𝑓𝑓 in 2𝐷
or 3𝐷 was not focused in this work.
Figure 4 illustrates the hybrid arrangement of the cavity and substrate sections. A total of 7 cavity
sections were taken embedded inside 8 Silica substrate sections. These 7 cavity and 8 substrate
sections can also be sequenced in any other random order. 𝜅𝑒𝑓𝑓 was defined on the slices of the
parallel arrangements of the cavity and substrate sections (See Figure 3(b) and Figure (4)) in
transverse direction for which each substrate (Silica) section was represented by 𝜅𝑠 and each cavity
section by 𝜅𝑐 .
Considering Figure 3(c) and Figure (4), we first write the local effective thermal conductivity on the
center-line (𝜅𝑐𝑒𝑛 ) after starting from the smallest cavity (near to the higher temperature surface, 𝑇1 )
and going toward the largest cavity (near to the lower temperature surface, 𝑇2 ). Already written on the
center-line, this 𝜅𝑐𝑒𝑛 expression was taken and repeated after decreasing the cavity number by 1 each
time a slice is shifted in the transverse direction likening it to the series arrangement of the cavity and
substrate sections (Figure 3(a)). On the center-line,
𝜅𝑐𝑒𝑛 =

1
𝑑 𝑠,𝑖
𝑛 +1
𝑖=1 𝜅 𝑠 ∙𝐴 𝑠,𝑐𝑒𝑛

+

𝑑 𝑐,𝑖
𝑛
𝑖=1 𝜅 𝑐 ∙𝐴 𝑐,𝑐𝑒𝑛

∙𝐴

𝐿

(6)

𝑐𝑒𝑛

where 𝐴𝑐𝑒𝑛 = 𝐴𝑠,𝑐𝑒𝑛 = 𝐴𝑐,𝑐𝑒𝑛 = 𝑑𝑐,1 ∙ 𝑑𝑐,1 and 𝐿 is the total length of the material. On the
neighboring area in transverse direction, the heat transfer surface area until next cavity section is
reached changes and 𝜅𝑛𝑒𝑖𝑔 ,𝑚 becomes
𝜅𝑛𝑒𝑖𝑔 ,𝑚 =

1
1
𝜅 𝑠 ∙𝐴 𝑠,𝑚

𝑚 +1
𝑚
𝑗 =1 𝑑 𝑠,𝑗 + 𝑗 =1 𝑑 𝑐,𝑗

+

𝑑 𝑠,𝑖
𝑑 𝑐,𝑖
𝑛 +1
𝑛
𝑖=𝑚 +2 𝜅 𝑠 ∙𝐴 𝑠,𝑚 + 𝑖=𝑚 +1 𝜅 𝑐 ∙𝐴 𝑐,𝑚

∙𝐴

𝐿
𝑛𝑒𝑖𝑔  ,𝑚

(7)

where 𝑛𝑒𝑖𝑔 means neighboring and 𝑚 is the number of the neighboring slice (for example, 𝑚 = 1
for the first neighboring slice in the transverse direction and 𝑚 = 1, … , 𝑛 − 1), 𝐴𝑛𝑒𝑖𝑔 ,𝑚 = 𝐴𝑠,𝑚 =
𝐴𝑐,𝑚 = (𝑑𝑐,𝑚 +1 ∙ 𝑑𝑐,𝑚 +1 − 𝑑𝑐,𝑚 ∙ 𝑑𝑐,𝑚 ). Thus, total number of the cavities determines the magnitude
of 𝑚. Next, 𝜅𝑐𝑒𝑛 of Eq. (6) and 𝜅𝑛𝑒𝑖𝑔 ,𝑚 of Eq. (7) are assembled according to the parallel
arrangement of Figure 3(b) so that 𝜅𝑒𝑓𝑓 could be calculated. 𝜅𝑒𝑓𝑓 was calculated with the following
𝜅𝑒𝑓𝑓 =

𝜅 𝑐𝑒𝑛 ∙𝐴 𝑐𝑒𝑛 + nm−1
=1 𝜅 𝑛𝑒𝑖𝑔  ,𝑚 ∙𝐴 𝑛𝑒𝑖𝑔  ,𝑚
𝐴
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where 𝐴 =(largest cavity dimension)·(largest cavity dimension). As it was illustrated in Figure 4,
when the sequence of the cavity and substrate sections are switched (a large cavity switches its
position with a small cavity), calculated 𝜅𝑒𝑓𝑓 changes and needs a recalculation. Eq. (8) evaluates
𝜅𝑒𝑓𝑓 value for a material taking into account the total numbers and statistical distibutions of the cavity
and substrate sections. The slice method that was used in the derivation of Eq. (8) has the identical
assumptions made in the derivations of the series and parallel arrangement effective thermal
conductivity expressions in the literature (See Figure 3(a) and Figure 3(b)). Each slice is in
resemblance of the parallel arrangement of Figure 3(b).
The present mathematical expression (Eq. (8)) was compared against other available models, for
example, against Maxwell-Eucken 1 (ME1) formulation (Eq. (5)), and series (Figure 3(a)) and parallel
(Figure 3(b)) arrangements of the cavity and substrate sections. Maxwell-Eucken 1 (ME1)
formulation of Eq. (5) does not include any information related to the total numbers and sizes of the
cavity or substrate sections. Macro-size cavity calculations with the present formulation (Eq. (8)
derived based on the geometry in Figure 3(c)) makes the difference between the series and parallel
arrangement 𝜅𝑒𝑓𝑓 values more visible.

3. RESULTS AND DISCUSSION
The results of the present study from Eq. (8) were shown in Figure 5. 𝜅𝑒𝑓𝑓 values can clearly be
identified in Figure 5. Eq. (8) represented a hybrid expression of the effective thermal conductivity
combining series and parallel arrangements of the cavity and substrate sections. The discrepancy
between the Maxwell-Eucken 1 (ME1) formulation [7] and the present study was also identified. In
presentation of 𝜅𝑒𝑓𝑓 , such effects as the boundary scattering between a cavity section and a substrate
section may be influential. It is important to point out that Maxwell-Eucken 1 (ME1) formulation does
not include information about the total numbers or statistical sizes of the cavity and substrate sections
inside the structure and assumes that the cavities are scattered quite randomly throughout the
substrate. Hence, to some extent, in terms of the total number and size information of the cavity and
substrate sections, Maxwell-Eucken 1 (ME1) formulation is unspecific. On the contrary, usually it is
hard to obtain precise numbers for the total number of cavities when they are small. The comparisons
were established for the radiative thick (𝐾𝑛 ≪ 1) and micro-to-macro size structures where the
“Classical Mechanics” formulations were still applicable. 𝜅𝑠 and 𝜅𝑐 values can be calculated from the
“Quantum Mechanics” [6]. 𝜅𝑒𝑓𝑓 expression calculated with Eqs. (6-8) can also be implemented on
structures supporting large numbers of cavities (for example, structures with 𝑛 = 500,000 cavity
sections and 𝑛 + 1 = 500,001 substrate sections).

Figure 5. Series arrangement, parallel arrangement, hybrid arrangement (present study, Eq. (8), Figure 4(a)),
and Maxwell-Eucken 1 (ME1) formulation (Eq. (5)) [7]. 𝜅𝑐 = 0.026 𝑊 ∙ 𝑚−1 ∙ 𝐾 −1 , 𝜅𝑠 = 0.300 𝑊 ∙ 𝑚−1 ∙ 𝐾 −1
(Brick, Silica fired). 𝜀 = 14.67%, 𝜀 = 34.91%, 𝜀 = 48.57%, and 𝜀 = 65.91%.

4. CONCLUSIONS
Aim of this study was to derive a hybrid effective thermal conductivity expression following the
series and parallel arrangements of the cavity and substrate sections. This hybrid arrangement
expression resulted in a 𝜅𝑒𝑓𝑓 value somewhat between the series and parallel arrangements being
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closer to the series arrangement result. Present hybrid 𝜅𝑒𝑓𝑓 expression may be equally applicable to
the composite structures and porous structures. Size, distribution, and total number information are
required of the cavity and substrate sections. Experimental and numerical simulations are necessary to
validate the current results. The hybrid method is more suited to structures with small number of
cavities.
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